We investigate properties of the probability distribution of the net quark number near the chiral crossover transition in the quark-meson model. The calculations are performed within the functional renormalization group approach, as well as in the mean-field approximation. We find, that there is a substantial influence of the underlying chiral phase transition on the properties of the probability distribution. In particular, for a physical pion mass, the distribution which includes the effect of mesonic fluctuations, differs considerably from both, the mean-field and Skellam distributions. The latter is considered as a reference for a non-critical behavior. A characteristic feature of the net quark number probability distribution is that, in the vicinity of the chiral crossover transition in the O(4) universality class, it is narrower than the corresponding mean-field and Skellam function. We study the volume dependence of the probability distribution, as well as the resulting cumulants, and discuss their approximate scaling properties.
I. INTRODUCTION
The structure of the QCD phase diagram is one of the fundamental problems addressed in both theoretical and experimental studies [1, 2] . At finite chemical potential, the existence of a critical point (CP) has been conjectured, based on effective chiral models [3] and preliminary lattice QCD results [4] . The fluctuations of conserved charges, have been proposed as a signature for the conjectured CP [5] [6] [7] [8] [9] [10] . However, in this paper we focus on the QCD phase transition at small net baryon densities.
It was conjectured by Pisarski and Wilczek [11] that for massless light quarks, the QCD phase transition is of the second order, belonging to the O(4) universality class. Current lattice QCD simulations at physical quark masses show, that at vanishing baryon density the transition from a hadron gas to quark matter is of the crossover type [12] . This implies that the corresponding singularity in the thermodynamic observables is shifted to complex values of the baryon chemical potential [13] and the experimental signatures of the phase transition could be washed out.
The conjecture of Pisarski and Wilczek is supported by recent lattice QCD studies [14, 15] , which show that for physical values of the light quark masses, the magnetic equation of state of QCD is consistent with the O(4) scaling. This result has opened new opportunities to verify the QCD phase boundary experimentally by measur-ing fluctuations of conserved charges [5, [16] [17] [18] [19] [20] . Indeed, based on the residual O(4) criticality and the proximity of the chiral crossover transition to the freeze-out line in heavy ion collisions, the characteristic modifications of the fluctuations of conserved charges have been proposed as a signature for the QCD phase boundary at small net baryon densities [5, 8, 16, [21] [22] [23] . It has been shown, that at the chiral crossover transition, the higher order cumulants of the net baryon number and electric charge can be negative, owing to the O(4) scaling [22, 23] .
Such cumulants have recently been explored in heavy ion collisions by STAR Collaboration [24, 25] . The data show deviations from the Skellam distribution, which are qualitatively consistent with theoretical expectations based on the O(4) chiral critical dynamics. We note, however, that the role of uncertainties associated with the event-by-event measurements of fluctuations remain to be clarified [26] [27] [28] [29] .
Cumulants of net charges have also been studied in first principle lattice QCD calculations [19, 20, [30] [31] [32] , as well as in effective chiral models [21] [22] [23] [33] [34] [35] [36] [37] [38] [39] [40] . Their properties are consistent with general expectations based on the O(4) scaling free energy.
Fluctuations of conserved charges are directly linked to the corresponding probability distribution. Thus, the critical properties of cumulants of conserved charges must also be reflected in the probability distribution.
Recently, the effects of the chiral phase transition on the net baryon number probability distribution was examined within the framework of mean-field theory and the scaling theory of phase transitions [41] . It was found, that the critical behavior of the cumulants is a consequence of the change of the corresponding probability distribution.
In the present work, we extend our previous studies to a more realistic model. We consider the two-flavor quark-meson model which is a low energy effective theory for the chiral properties of QCD. The critical fluctuations, are treated consistently by means of the functional renormalization group (FRG) [42] [43] [44] .
In the quark-meson model the coupling of quarks to the Polyakov loop, which is important for implementation of the statistical confinement properties, is neglected. However, within the FRG approach, the O(4) scaling behavior and thermodynamics near the CP are well described by this model [45] [46] [47] [48] .
We show that there is a substantial influence of the underlying chiral phase transition on the properties of the probability distribution. In particular, we find that for a physical pion mass, the distribution which includes the effect of mesonic fluctuations, differs considerably from both, the mean-field and Skellam distributions. The latter is considered as a reference for a non-critical behavior. A characteristic feature of the net quark number probability distribution is that in the vicinity of a chiral crossover transition of the O(4) universality class, it is narrower than the corresponding mean-field and Skellam distributions.
This paper is organized as follows: in the next section, we introduce the quark-meson model and its thermodynamic properties. In Sec. III, we present results on the probability distribution and different cumulants of the net quark number. Section IV is devoted to the concluding remarks.
II. THE THERMODYNAMIC POTENTIAL IN THE QUARK-MESON MODEL
We employ the quark-meson model to explore the influence of the chiral phase transition on the probability distribution of the net quark-number.
The quark-meson model is an effective realization of low energy QCD in which the O(4) chiral meson multiplet φ = (σ, π) is coupled to quark fields. The Lagrangian density is given by
where U (σ) denotes the meson potential,
For m 2 < 0 and h = 0, the O(4) symmetry of the potential is spontaneously broken to O(3), resulting in a nonvanishing value of the vacuum scalar condensate σ and a non-zero quark mass. The last term, h = f π m 2 π , breaks the chiral symmetry explicitly and yields the nonzero pion mass.
We obtain the thermodynamics of the quark-meson model by computing the thermodynamic potential within the FRG approach, as discussed in Ref. [45] . Following [42] , we consider a scale dependent effective action in the local potential approximation. Thereby, we neglect the wave function renormalization and the flow of the Yukawa coupling. Using the so-called optimized cutoff functions, one obtains the evolution equation for the scale dependent thermodynamic potential density [45] with the reduced field variable ρ = (σ 2 + π 2 )/2,
where n B and n F are the Bose and the Fermi distribution functions, respectively and ν q = 2N c N f = 12 is the quark degeneracy. The single particle energies of pion, sigma meson and quark/antiquark are given by
whereΩ ′ k andΩ ′′ k denote the first and the second derivatives ofΩ k = Ω k +h √ 2ρ k , with respect to ρ. The flow equation (3) is solved by using the Taylor expansion method. Expanding the potential up to the third order in ρ around the potential minimum ρ k ,
and using Eq. (3), one finds the flow equations for the coefficients a n (k) and ρ k ,
The flow equations are solved numerically starting at the ultraviolet cutoff scale Λ = 1.0 GeV [45] . We eliminate a 1 by means of the scale independent relation h = a 1 (k) √ 2ρ k .
There are four initial conditions for the flow equations, which are fixed at the scale k = Λ. Within this scheme, the initial value of a 0 is just a constant shift of thermodynamic potential Ω. We note, however, that such a cutoff at a finite momentum leads to an unphysical behavior of thermodynamic quantities at high temperatures. This problem can be amended by accounting for the µ− and T −dependent contribution of the momenta beyond the cutoff scale [37, 49] . Following Ref. [49] , we include the high-momentum contribution approximately by using the flow equation for non-interacting massless quarks and gluons,
By integrating the flow equation (7) from k = ∞ to k = Λ, we obtain Ω Λ (T, µ) which is then used as initial condition a 0 (Λ) for the solution of the flow equations (6) .
We set a 3 (Λ) = 0 and fix ρ k=Λ and a 2 (Λ) by requiring that in vacuum the pion m π = 135 MeV and the sigma m σ = 640 MeV masses are reproduced. The strength of the Yukawa coupling, g = 3.2, is fixed by the constituent quark mass, M q (T = µ = 0) = gσ k=0 (T = µ = 0) = 300 MeV with σ k=0 (T = µ = 0) = f π = 93 MeV. The full thermodynamic potential density of the quark-meson model Ω(T, µ), which includes thermal and quantum fluctuations of the meson and quark fields, is then obtained from Ω(T, µ) = lim k→0 Ω k , where Ω k is the solution of the flow equation (3), (6) .
By ignoring the mesonic contribution in the flow equation (3), we obtain the effective potential corresponding to the mean-field approximation, with a finite cutoff Λ. The fermionic vacuum fluctuations, which are included in the mean-field (MF) potential, are necessary to reproduce the second order phase transition at vanishing µ in the chiral limit [21, 46] . The vacuum contribution must be renormalized to remove the artificial cutoff dependence [21] . Then, in the mean-field approximation, the thermodynamic potential is given by,
where M is an arbitrary renormalization scale parameter, M q = g σ and the expectation value σ is determined by the solution of the gap equation ∂Ω MF /∂ σ = 0.
III. PROBABILITY DISTRIBUTION OF THE NET QUARK NUMBER
The thermodynamical potentials for the quark-meson model, derived in the previous section, can be used to assess the influence of the underlying chiral phase transition on observables. In the following, we focus on the probability distribution of the net quark number, P (N ) and the corresponding cumulants c n (T, µ).
A. General properties of P (N )
We consider a thermodynamic system described by the grand canonical ensemble at temperature T in a subvolume V . We introduce a chemical potential µ which is used to tune the corresponding average net charge. For the net quark number N = N q − Nq, the probability distribution P (N ) to find the net charge N in volume V is given by
where Z(T, N, V ) is the canonical and Z(T, µ, V ) the grand-canonical partition function. The normalization of the probability distribution,
, follows from the fugacity expansion of the grand canonical partition function
where λ = e µ/T . Consequently, all essential information on P (N ) is contained in the canonical partition function. Since the fugacity expansion is the Laurent series in the complex λ plane, with coefficients given by the canonical partition function, the latter can be obtained by performing the contour integral,
Thus, to compute the canonical partition function, one needs to know the analytic structure of Z(T, λ, V ) in the complex λ plane and to choose an appropriate integration contour. 1 In chiral effective models, the structure of the singularities associated with the chiral phase transition has been discussed in Refs. [13, 50] . In the broken phase, T < T c (µ), there are no singularities on the unit circle λ = e iθ in the range 0 ≤ θ < 2π. Consequently, the canonical partition function is obtained from [51, 52] , where θ = µ I /T and µ I is the imaginary chemical potential.
The above equation links the grand canonical partition function in a finite volume V , at imaginary chemical potential, to the thermodynamics at fixed net charge N . At imaginary µ I , the QCD partition function exhibits Roberge-Weiss periodicity, Z(T, θ + 2π/3, V ) = Z(T, θ, V ) [53] . The Polyakov loop extended effective chiral models reproduce the Roberge-Weiss periodicity [54] [55] [56] . In the quark-meson model employed here, the period of the partition function in imaginary chemical potential θ is 2π.
In the present work, we follow Ref. [41] and compute the canonical partition function and the corresponding probability distribution using Eq. (12) . The thermodynamic potential density Ω = −(T /V ) log Z is obtained in the quark-meson model within the FRG approach as well as in the mean-field approximation.
Because of the oscillatory nature of the integrand, a numerical integration of Eq. (12) becomes unreliable for large |N |. The numerical quadrature employed here yields accurate results up to values of |N | corresponding to P (N ; µ = 0) ∼ 10 −12 , independent of the volume, temperature and other parameters. As we show, the achieved precision is sufficient for studying the influence of chiral criticality on the properties of the net quark number probability distribution.
B. Net quark number probability distribution near the chiral phase transition
At vanishing and moderate values of µ, the quarkmeson model in the chiral limit exhibits the second order phase transition, belonging to the O(4) universality class [45] . For a physical pion mass, the chiral symmetry is explicitly broken and the transition is of the crossover type. Nevertheless, remnants of O(4) criticality remain in various observables [5] . Thus, also the probability distribution of the net quark number is expected to exhibit characteristic features reflecting the critical behavior of the underlying O(4) transition. We note, that long range critical correlations can be unfolded only in a sufficiently large sub-volume V , and close to the pseudocritical temperature, T pc .
To unravel the influence of chiral transition on the probability distribution P (N ), one needs to establish a reference distribution, which does not include the effect of critical fluctuations. At low temperatures, T ≪ T pc , the thermodynamic potential is expected to be well described as a quasi-ideal quark gas with a dynamically generated temperature-dependent mass. Consequently, at fixed T and V , the natural reference for P (N ) is the probability distribution of an ideal gas of particles and antiparticles, i.e. the Skellam distribution [16] . The Skellam distribution is then determined entirely by the mean number of quarks b = N q and antiquarksb = Nq ,
where I N (x) is the modified Bessel function of the first kind. The mean number of quarks b is calculated as for an ideal gas of constituent quarks with a dynamically generated mass
where n F is the Fermi distribution function and E k = k 2 + M 2 q is the energy of a particle with momentum k. Theb is obtained from (14) by replacing µ → −µ.
In the MF approximation M q = g σ , while in the FRG approach, we use the scale dependent mass M q,k = gσ k , which for k ≤ Λ is obtained from the flow equation (3). For Λ < k < ∞ the quarks are assumed to be massless and non-interacting, as discussed above. The probability distributions in Fig. 1 are calculated for different volumes and at fixed temperature. There is a clear change of distributions with the volume as a consequence of a linear dependence of the variance on V . The probability distribution also changes rapidly as the temperature is lowered from the pseudocritical point. As shown in Fig. 2 , at a given volume, the distributions are narrower at smaller temperatures. This is due to growing mass of quarks, which together with decreasing temperature, imply decreasing mean number of quarks and antiquarks, and consequently the width of the distribution.
The influence of the criticality on the net-quark number probability distribution, and the differences between the MF and the FRG dynamics, are particularly transparent when comparing the results with the non-critical Skellam function. Figures 1 and 2 show, that near T pc , both the MF and the FRG distributions are narrower than their Skellam counterparts. Such reduction of the width of the probability distribution compared to the Skellam distribution was already seen in results obtained previously in the Landau theory of phase transitions when critical fluctuation is included to give negative higher order cumulants [41] . The deviations from Skellam distribution are stronger when mesonic fluctuations are included, i.e. in the FRG approach. Except for the highest temperature, P (N ) in the MF approximation coincides with the Skellam distribution, while in the FRG calulations, the two distributions differ at all temperatures. The increasing difference between the FRG and Skellam distributions, , and that of a free Fermi gas (green, solid). All distributions correspond to the same average quark and antiquark numbers, b andb, given by (14) .
as the temperature approaches T pc , reflects the growing influence of mesonic fluctuaions leading to the O(4) criticality.
C. Quantum statistics effects
The Skellam distribution (13) , describes the fluctuations in a gas of non-interacting classical particles with a conserved charge. i.e., particles and antiparticles obeying the Poisson distribution.
In general, effects of quantum statistics should be included if the mass of the particle is smaller than the temperature. The quantum statistics effects were also shown to modify significantly the probability distribution of the electric charge and the resulting cumulants [17, 57] .
In the FRG approach to the quark-meson model, and at T /T pc = 0.98 one finds, that M q /T ≃ 0.6. Thus, the Boltzmann approximation is clearly not justified near T pc .
In order to disentangle the effects of mesonic fluctuations and quantum statistics, we also consider the probability distribution P (N ), obtained from Eq. (12), for a free gas of quarks and anti-quarks with the thermodynamic potential density
and the quark energy E k from Eq. (14) . The effect of Fermi statistics is illustrated in Fig. 3 with the dynamical quark mass obtained in the FRG approach. The probability distribution of the free Fermi gas is seen to be narrower than the corresponding Skellam function, but still broader than the P (N ) of the quarkmeson model in the FRG approach. We identify the residual effect, i.e. the difference between the Fermi gas and the FRG distributions, as being due to the mesonic fluctuations implying the O(4) criticality near the chiral crossover transition.
On the other hand, in the MF approach at T /T pc = 0.98, the net-quark probability distribution was found to be slightly broader than the corresponding distribution obtained for a free Fermi gas. Therefore, in the MF approach, the apparently narrower distribution than the Skellam, is due to the quantum statistics effects. Thus, there is a clear difference in the properties of the netquark distributions obtained under MF and the FRG approach. The mesonic fluctuations result in a shrinking of the distribution, whereas the MF critical dynamics results in a broadening of the distribution, relatively to the non-singular Fermi gas reference, as shown in [41] .
D. Cumulants of the net quark number
Fluctuations of the net-quark number are quantified by the corresponding cumulants c n (T, µ), which in turn reflect critical fluctuations. Consequently, cumulants can be used to probe the phase diagram of QCD [5, 8-10, 16, 21-23] .
In statistical physics, the cumulants are related to the corresponding susceptibilities,
Thus, given the thermodynamic pressure p(T, µ, V ) = (T /V ) ln Z in the grand-canonical ensemble, the cumulants c n (T, µ) can be obtained by taking derivatives of the thermodynamic pressure with respect to the chemical potential. The cumulants in Eq. (16) can be also obtained from the probability distribution P (N ), through the central moments, (δN )
where
and c n are given then as polynomials in (δN ) k . At vanishing chemical potential, the first three non-vanishing cumulants read,
In principle, N max in Eq. (17) is infinite. In practice, however, N max is always finite. Thus, the cumulants obtained from Eqs. (17)- (20) are, in most cases, approximations to the exact results obtained from Eq. (16) . Figure 4 shows different ratios of cumulants for the Skellam distribution, calculated for fixed mean number of quarks and antiquarks, from Eqs. (17)- (20) for different N max . Clearly, to reproduce exact results c 2n = (b +b)/V T 3 , one needs P (N ) for a sufficiently large N = N max . This value increases with the order of the cumulant, and also depends on the volume, temperature and the chemical potential. also shown in this figure. One notes, that c 2 and c 4 of the Skellam and FRG distributions differ, while c 6 agrees for temperatures well below T pc . This behavior can be linked to the µ-dependence of a dynamical quark mass, which at T ≪ T pc saturates as the fourth order polynomial in µ, which is not included in the calculations of c n from the Skellam function. The convergence properties of the cumulants with N max in the quark-meson model are similar to those found for the Skellam distribution. The value of N max needed to obtain a good approximation, grows with the order of the cumulant. This reflects the fact, that cumulants of higher order are more sensitive to tail of the distribution. For the parameter set used in Fig. 5 , all cumulants up to the sixth order are well reproduced with N max ≃ 90. This also confirms consistency of the calculation of P (N ) within the quark-meson model.
At µ = 0, the second and the fourth order cumulants are not influenced by the critical chiral dynamics, since they remain finite, even in the chiral limit. Thus, their properties are entirely determined by the regular part of the partition function. The temperature dependence of c 2 and c 4 , seen in Fig. 5 , is essentially that of an ideal quark gas, with a modified dispersion relation by T -and µ-dependence of a dynamical quark mass.
In contrast, the temperature dependence of c 6 , and in particular its negative values near T pc , seen in Fig. 5 , are universal. The characteristic shape of c 6 is generic for the O(4) universality class, owing to the form of the scaling function [5] . The sixth order cumulant obtained from the non-critical Skellam distribution, exhibits a very different behavior.
It is interesting to note, that already for moderate values of N max , the O(4) shape of c 6 is qualitatively reproduced from the probability distribution. This result is of interest for the event-by-event analysis of heavy-ion collisions, where one expects to see the O(4) criticality by reconstructing the higher order moments from the measured net-charge probability distribution [24] .
The deviations of the approximate cumulants c A n , obtained from the probability distribution (17) Eqs. (17)- (20), the approximate scaling of the cumulants, seen in Fig. 6 , should be also reflected in the net quark number probability distributions. Indeed, Figure 7 shows, that for fixed T , the √ V T 3 P (N ) scales approximately with N/ √ V T 3 . This approximate scaling is valid for P (N ), calculated in the quark-meson model within the FRG and MF approach, as well as, for the corresponding Skellam distributions. Figure 7 indicates, that the shape of the distribution reflects the underlying criticality in a system which is governed by the critical exponents. The probability distribution in the MF case is broader than in the FRG approach, owing to differences caused by the mesonic fluctuations. As they smoothen the transition, the resultant dynamical quark mass is heavier than the MF case at the same T /T pc [37] , leading to narrower distribution.
IV. CONCLUDING REMARKS
We have studied the properties of the probability distribution P (N ) of the net quark number in the presence of the critical chiral dynamics governed by the O(4) universality class in the quark-meson model. The computations of P (N ) have been done within the Functional Renormalization Group (FRG) approach, which preserves the O(4) scaling of relevant physical observables.
The main objectives of this paper was to study the influence of the underlying chiral phase transition on the net quark probability distribution, for a physical value of the pion mass.
We have shown, by comparing the FRG and the meanfield (MF) results, that the shape of the distribution reflects the criticality in a system. The FRG distribution is narrower than the one obtained in the MF approximation. This is mainly due to differences in the values of dynamically generated quark mass. Effects of the expected O(4) criticality appear in the tail of the distribution and imply characteristic shapes of the higher order cumulants.
Near the chiral crossover transition, the probability distribution of the net quark number was also shown to be narrower than the Skellam function, which corresponds to a classical quasiparticle gas and is used as a reference for the non-critical distribution. The narrowing of the probability distribution is mainly due to mesonic fluctuations. However, owing to dropping quark mass near the chiral transition also quantum statistics play a role, although a sub-leading one.
The observed shrinking of P (N ) relative to the Skellam distribution is also expected in the O(2) universality class. This is because, the scaling functions in the O(4) and O(2) universality classes are very similar [14] and exhibit negative values of the specific heat critical exponents α. However, since α in O(2) is larger than in O(4) universality class, one expects quantitative differences in the properties of P (N ).
We have found an approximate scaling of the probability distribution and of the net charge cumulants with the volume of the system. This implies, that the observed properties of P (N ) near the chiral transition are volume independent, and are due to mesonic fluctuations implying O(4) criticality near the chiral crossover transition.
These results are of importance in heavy ion collisions, where by measuring the net baryon number probability distribution and related moments, one expects to experimentally probe the QCD phase boundary. The phenomenological implications of our results will be presented elsewhere [58] .
